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The spectrum of differential operators on Rieman�
nian manifolds were studied by many authors (see sur�
vey [1] and paper [2], in which conformally flat homo�
geneous Riemannian spaces were studied). This paper
continues [3], where the spectra of curvature operators
on three�dimensional Lie groups with a left�invariant
Riemannian metric were considered.

Let (M, g) be a Riemannian n�manifold with the
Levi�Chivita connection ∇; given smooth vector fields
X, Y, Z, and V on M, R(X, Y)Z = [∇Y, ∇X]Z + ∇[X, Y]Z
is the Riemannian curvature tensor and r(X, Y) = tr(V →
R(X, V)Y) is the Ricci tensor; by s = tr(r) we denote the

scalar curvature and by A = , the

one�dimensional curvature tensor. The Christoffel

symbols of the metric are denoted by .

It is known (see [4]) that

where W is the Weyl tensor and (A  g)(X, Y, Z, V) =
A(X, Z)g(Y, V) + A(Y, V)g(X, Z) – A(X, V)g(Y, Z) –
A(Y, Z)g(X, V) is the Kulkarni–Nomizu product.

The Riemannian metric g generates the inner
product

in the fibers Λ2TxM, x ∈ M.
The Riemann curvature tensor generates the curva�

ture operator �: Λ2TxM → Λ2TxM defined by (X ∧ Y,
�(U ∧ V)) = Rx(X, Y, U, V), where Rx(X, Y, U, V) =
gx(R(X, Y)U, V). We also define the Ricci operator ρ by
g(ρ(X), Y) = r(X, Y) and the one�dimensional curva�
ture operator � by g(�(X), Y) = A(X, Y).

We denote the principal values of the Ricci opera�
tor by ρ1, ρ2, …, ρn and those of the one�dimensional
curvature operator by a1, a2, …, an; the sectional cur�
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vature in a two�dimensional direction ei ∧ ej is denoted
by Kij = K

σ
(ei ∧ ej).

A Riemannian manifold (M, g) of dimension n ≥ 4
is said to be conformally flat if the Weyl tensor W is
trivial: W = 0. In what follows, we assume M to be con�
formally flat.

Let x ∈ M, and let TxM be the tangent space at x. In
TxM, there exists an orthonormal basis {e1, e2, …, en} in
which the Ricci and one�dimensional curvature oper�
ators are diagonalizable (see[5]). In this basis,

(1)

It is easy to see that, in the basis {ei ∧ ej}i <  j, the
matrix of the curvature operator �: Λ2M → Λ2M is
diagonalizable as well, and the spectrum of � is
{Kij}i < j, where the Kij = K

σ
(ei ∧ ej) are sectional curva�

tures (see [6] for more details).

In what follows, we assume that (M, g) is an n�
dimensional (n ≥ 4) Lie group with a left�invariant
Riemannian metric or a metric Lie group.

Theorem 1. The principal values of the Ricci and
one�dimensional curvature operators on an n�dimen�
sional conformally flat metric Lie group can take at most
two different values. Moreover, if ρi ≠ ρj (respectively,
ai ≠ aj), then Kij = 0.

The proof of this theorem is based on the following
lemmas.

Lemma 1. For 1 ≤ i, j, k ≤ n (provided that ρi ≠ ρj),
the following relations hold:
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Indeed, note that the one�dimensional curvature
tensor satisfies the condition Aik, j – Aij, k = 0, because
the group if conformally flat. Therefore,

and

Setting X = ei, Y = ej, and Z = ek, we obtain

Lemma 2. Let (M, g) be an n�dimensional confor�
mally flat metric Lie group, and let a1, a2, … ak be the
principal values of the one�dimensional curvature oper�
ator of multiplicities m1, m2, …, mk, respectively. Then

(2)

This lemma is proved by straightforward calcula�
tions using Lemma 1, the relation Kij = ai + aj, and
Milnor’s formula
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for sectional curvatures in an orthonormal basis [7].

Let us complete the proof of the theorem. Without
loss of generality, we can assume that the a1 is the max�
imum (in absolute value) principal value of the one�
dimensional curvature operator. Then the assumption
that there are at most two different principal values
leads to a contradiction, because the terms on the left�
hand side of (2) are nonnegative, and at least one of
them is positive. Thus, in the case of precisely two
principal values a1 and a2, we have a1 = –a2. This
proves the theorem.

Remark 1. The converse of the theorem proved
above is false. Examples are Lie groups with a left�
invariant Riemannian metric and harmonic Weyl ten�
sor which are not conformally flat, because the one�
dimensional curvature tensor in this case is also the
Codazzi tensor (see [4] for more details).

Corollary 1. One of the following two cases occurs.

Case 1. The spectrum of the one�dimensional curva�
ture operator consists of one eigenvalue of multiplicity n:
a1 = … = an = a. In this case, the spectrum of the curva�
ture operator consists of one eigenvalue, too. The Lie
group in this case is an Einstein manifold. An example of
such a group is a Lie group whose Lie algebra is the semi�

direct sum Rn – 1  R with respect to some homomor�
phism φ: R → Der(Rn – 1).

Case 2. The principal one�dimensional curvatures
have two eigenvalues of multiplicities k and n – k: a1 =
a2 = … = ak = –ak + 1 = … = –an = –a. In this case, the
spectrum of the Ricci operator consists of two eigenvalues
of multiplicities k and n – k as well, and the spectrum of
the operator curvature has the form {2a, …, 2a, 0, …,
–2a, …, –2a}. An example of such a group is a Lie group
whose Lie algebra has the form

⊕· φ

su 2( ) Rn 4–  ⊕· φ  R( ),⊕

Four�dimensional Lie algebras of conformally flat metric Lie groups: the spectrum of the curvature operator

No. Lie algebra spec (�) = {K12, K13, K14, K23, K24, K34}

1 4�1 {0, 0, 0, 0, 0, 0}

2 �3, 6 � �1 {0, 0, 0, 0, 0, 0}

3 �3, 9 � �1

4 �3, 3 � �1 {–A2, –A2, 0, –A2, 0, 0}

5  � �1 {–α2A2, –α2A2, 0, –α2A2, 0, 0}, α > 0

6 , α = β = 1 {–L2, –L2, –L2, –L2, –L2, –L2}

7 , α = β > 0 {–α2L2, –α2L2, –α2L2, –α2L2, –α2L2, –α2L2}

8 �4, 12 {–(A2 + B2), –(A2 + B2), 0, –(A2 + B2), 0, 0}
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where  denotes the semidirect sum of Lie algebras
with respect to some homomorphism 

Let (M, g) be an oriented Riemannian 4�manifold.
We define the Hodge operator as the unique isomor�

phism of vector spaces *: M→ M such that α ∧

(*β) = 〈α, β〉vol for any α, β ∈ M, x ∈ M, where vol
denotes the volume form on M.

If the Hodge and curvature operators commute,
i.e., �∗ = *�, then the Riemannian metric is called a
Thorpe metric, and the manifold itself is called a
Thorpe manifold. Such manifolds were studied in [4];
in [8], it was shown that all four�dimensional Thorpe
manifolds are Einstein.

If the Hodge and curvature operators anticom�
mute, i.e., �∗ = –*�, then, following [8], we refer to
the Riemannian metric as an anti�Thorpe metric and
to the manifold as an anti�Thorpe manifold.

Theorem 2. Let � be the real four�dimensional Lie
algebra of a conformally flat Lie group G with a left�invari�
ant Riemannian metric. Then, in the basis {ei ∧ ej}i < j, the
spectrum spec(�) of the curvature operator � is as pre�
sented in the table.

Remark 2. A metric g on an oriented Riemannian
4�manifold is anti�Thorpe if and only if g is confor�
mally flat and has scalar curvature zero (see [8]). The
four�dimensional conformally flat metric Lie groups
corresponding to cases 1, 2, 6, and 7 in the table are
Thorpe manifolds, and the groups corresponding to
cases 1 and 2 are anti�Thorpe manifolds.
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