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Abstract 

The general principles of ovoid shapes and their mathematical interpretation were considered concerning previous data 

and experience. Previously, bird egg description was carried out using the composite ovoid model. According to this 

model, an ovoid is considered as a set of arcs with a smooth transition between them. The studied group of eggs was 

named true ovoid. They differ from other forms in size of their infundibular zone radius (thick end) that is almost equal 

to half of the diameter (0.5D ± 0.01 ˂ ri = 0.5D). 

We suggested that this commonality, a priori, implies the presence of an abstract geometric model, which is a 

satisfactory solution and logical approach for analyzing the diversity of natural ovoids. Such a model is a system of 

circles passing into each other. This allows, within a single system, to assign a vendor code to each form, which 

involves the name, geometric shape, and quantitative parameters that can be implemented in bird taxonomy.  

Early, 0.01 D was chosen as the model difference value and the ratio of symmetrical eggs in the analyzed 

database was 1.1%. In this research, we extended the difference value to 0.05 D and this covered 6.0% of the egg 

shapes. This is the maximum interval at which the curvature of the polar zones does not visually differ. We revealed 

that the variability in the egg shapes depends on the radii of curvature of the lateral and polar arcs. The larger the radius 

of the lateral arches, the greater the degree of freedom for variation of the lateral arches. We supposed that our data 

could associate any form of bird egg with its biological content. In turn, many ovoid features relevant to other natural 

objects can be used in bird taxonomical study. 
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Introduction 

 

This communication is a continuation of the article “Mathematical interpretation of artificial ovoids and 

avian egg shapes. Part I” (Mytiai & Matsyura, 2019). The essence of the matter under discussion is that the 

process of shaping in nature does not occur spontaneously but following certain universal regularities, which 
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occur in the same way concerning various natural objects. In previous articles (Mytiai & Matsyura 2017, 

2019), we discussed the ovoid form as one that is equally manifested in bird eggs and other animals, in the 

structure of their body parts, in the form of seeds and plant organs, and various spheres of human activity: 

architecture, art, philosophy, religion, and mathematics (see also Rosin, 2001, Sullivan, 2019, Kosloski, 

2020). The essential point is that all the above-mentioned forms arise independently of each other, and are a 

manifestation of the same regularity: the transition of symmetry (sphere) into asymmetry (ovoid). This 

transition is accompanied by the appearance of the new properties, the essence of which has a common basis 

(Jung et al, 2017, Church et al., 2019). Consequently, the results obtained on one object can be applied to 

another (Nowack, 2014, Grúňová & Holešová, 2017). The algebraic curves developed by different 

mathematicians were compared with the shapes of real bird eggs and the analysis of approximately 20% or 

16,940 eggs from our database was performed (Mytiai & Matsyura, 2019). In this research, we presented the 

data on the remaining 80 % of the eggs and their shapes. 

 

 

Material and methods  

 

In a previous publication (Mytiai & Matsyura, 2019), 3491 out of 16,500 bird eggs were analyzed (21.19%). 

Their description was carried out using the composite ovoid model. 

According to this model, an ovoid is considered as a set of arcs with a smooth transition between 

them. The studied group of eggs was named true ovoid. They differ from other forms in size of their 

infundibular zone radius (thick end) that is almost equal to half of the diameter (0.5D ± 0.01 ˂ ri = 0.5D, see 

Fig. 1 for explanations). All other forms we called pseudo-ovoids (Mytiai & Matsyura, 2017) as they differ 

from true ovoids in the value of the infundibular zone radius. It is always less than half the diameter and 

equal to or greater than the radius of the cloacal zone. Forms with equal radii of the polar zones are called 

symmetric pseudo-ovoids. They can also be called ellipsoids (curve ellipse) or ovaloids (curved oval). 

Another group is asymmetric pseudo-ovoids. Both forms can be represented as a combination of identical 

and different true ovoids. In this, the combination of two identical ovoids along the line of maximum 

diameter gives a group of symmetric, and different ovoids - asymmetric pseudo-ovoids (Fig. 1). 
 

 
 

Figure 1. The formation of asymmetric and symmetric (а) pseudo-ovoids; b-с) schemes for measuring the semi-axes: 

(L – length, D – diameter, rc – cloacal and ri – infundibular radii, ip – interpolar segment, lc - cloacal and li -

infundibular semi-axes) 

 

 

The following shape indices were used in the study: elongation index – Iel = L / D, index of infundibular, 

cloacal and lateral zones – Ii = ri / D, Ic = rc / D, Il = rl / D, asymmetry index - Ias = (ri – rc) / D and the 

equatorial index Iip = ((L– (ri + rc)) / D. The indices of the infundibular and cloacal semi – axes (Ilc = lc / D; 

Ili = li / D) were used as additional. 

 

 

Results 

 

We concluded that it is necessary to create the standards for bird egg shapes. These standards, within the 

framework of a unified system, must include a serial number, name, geometric figure, and quantitative 
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expression of this shape. A preliminary system was created by the composite (combined) ovoid method 

(Mytiai & Matsyura, 2017). The next step was to compare the standards with real bird eggs, which was done 

for the true ovoids (Mytiai & Matsyura, 2019). In this article, we analyzed the remaining forms. The first 

group is represented by symmetric pseudo-ovoids. Isolation of these forms related to a certain problem, 

because the perfectly symmetric eggs, like ideal crystals, do not exist in nature. Consequently, the number of 

shapes depends on the difference between the radii of the polar zones. Early, 0.01 D was chosen as the model 

difference value and the ratio of symmetrical eggs in our database was 1.1%. Here, we extended the 

difference value to 0.05 D and covered 6.0% of all the egg shapes. This is the maximum interval at which the 

curvature of the polar zones does not visually differ. Geometrically, the profiles of symmetric pseudo-ovoids 

are ellipses and ovals. They are being replicated by two of any parameters (the radii of the lateral and 

infundibular or cloacal zone; the radius of one of these zones and length; the radius of curvature of one of the 

polar zones and the distance between the centers of curvature of these zones). The names of such eggs are 

identical to the names of true ovoids – sphere-like, rounded, blunt, typical, droplet, and cone-shaped - with 

the addition “symmetric pseudo-ovoid”. The variability of the shapes depends on the radii of curvature of the 

lateral and polar arcs. The larger the radius of the lateral arches, the greater the degree of freedom for 

variation of the lateral arches (Fig. 2). 

 
 

 
 

Figure 2. Variability of the polar zones curvature of symmetric pseudo-ovoids: а) short, b) normal, c) long. 

 

 

Symmetric eggs (symmetric pseudo-ovoids, or ellipsoids, and ovaloids) in our database (n = 16 490) are 

found in almost all bird orders. At the same time, in some orders, they are found as an exception, while in 

others they are the norm. Symmetrical eggs are most often represented in the following orders: 

Anseriformes, Caprimulgiformes, Ciconiiformes, Columbiformes, Coraciiformes, Podicipediformes, 

Strigiformes, Struthioniformes. Tinamiformes. Less often, such eggs are found in Falconiformes, 

Sphenisciformes, Gaviiformes, and Gruiformes. The insignificant number of symmetrical eggs is associated 

with the less optimal eggs placing along with nesting. Such eggs are less compact in the clutch, roll out 

strongly and their air chamber zones do not have a fixed upward position. In eggs that are close to sphere-

like shape, it is also difficult to orient the embryonic disc towards the nesting bird. 

In evolutionary terms, symmetrical eggs are common for fishes, amphibians, reptiles, and ancient 

bird species and practically do not occur in the orders Gaviiformes, Galliformes (except for Megapodidae), 

Charadriiformes, and Passeriformes. Quantitatively, these eggs differ by two parameters, such as the 

elongation index (Iel) and the index of one of the polar zones (Ii, Ic, or Ii), or the index of one of the polar 

zones and the equatorial index Iip. 

The first group of symmetric eggs is sphere-like symmetric pseudo-ovoid eggs (Fig. 3). 

These are the least common shapes among symmetric eggs (1.2%, n = 987). Such eggs are typical 

for birds nesting in burrows, hollows, and semi-enclosed nests. They meet in orders: Сoraciiformes, 

Piciformes, and Strigiformes. Shape indexes are 1.0˂Iel˂1.1, 0.5> Ii=Ic>0.45, and 0.1˂Iip˂ 0.2. 
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Figure 3. Sphere-like symmetric pseudo-ovoid: 1) plotting of ovoids in the shape matrix; 2) a profile for comparison 

with real egg shapes; bird egg profiles: 3) Otus scops; 4) O. brucei; 5) Athene noctua; 6) Merops apiaster; 7) 

M. superciliosus; 8) Alcedo atthis. 

 

 

The next group of eggs is rounded symmetric pseudo-ovoid (2.7%, n = 987). These forms are most 

common among Anseriformes, Caprimulgiformes, Ciconiiformes, Columbiformes, Coraciiformes, 

Falconiformes, Psittaciformes, Sphenisciformes, and Strigiformes. Less frequently they are distributed in 

Gruiformes, Passeriformes, Piciformes, and Procellariiformes. The eggs of these birds are longer, while their 

polar zones are more pointed. Shape indexes are 1.1˂Iel˂1.25, 0.45>Ii=Ic>0.330, and 0.2˂Iip˂ 0.5 (Fig. 4). 
 

 

 
 

Figure 4. Rounded symmetric pseudo-ovoid: 1, 9, 17) construction of ovoids in the shape matrix; 2, 10, 18) egg profile 

diagram; bird egg profiles: 3) Pygoscelis papua; 4) Struthio camelus; 5) Alcedo atthis; 6) Strix aluco; 7) Hieraaetus 

pennatus; 8) Aegolius funereus; 11)  Pygoscelis antarctica; 12) Merops apiaster; 13) Strix aluco; 14) Ardeola ralloides; 

15) Streptopelia decaocto; 16) Asio otus; 19) Bubo bubo; 20) Ciconia ciconia; 21) Columba palumbus; 22) Streptopelia 

turtur; 23) Anas platyrhynchos; 24) Ixobrychus minutus. 

 

 

 

Further lengthening is typical for оbtuse symmetric pseudo-ovoid (Fig. 5). This group of eggs comprises 

18.1% (n = 987). Most often, such eggs are found in the orders: Anseriformes, Caprimulgiformes, 

Ciconiiformes, Columbiformes, Coraciiformes, Falconiformes, Podicipediformes, Strigiformes, and 

Struthioniformes. Less often, they can be found in Gruiformes, Passeriformes, Piciformes, Procellariiformes, 

and Sphenisciformes. These eggs are longer than the previous ones and their polar zones are also more 

pointed. Shape indexes are 1.1˂Iel˂1.3, 0.45>Ii=Ic>0.25, and 0.2˂Iip˂ 0.45 (Fig. 5). 
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Figure 5. Obtuse symmetric pseudo-ovoid: 1, 9, 17) construction of ovoids in the shape matrix; 2, 10, 18) egg profile 

diagram and profiles: 3) Columba livia; 4) Anas platyrhynchos; 5) Egretta alba; 6) Ixobrychus minutus; 7) Columba 

palumbus; 8) Rhea americana; 11) Otis tarda; 12) Egretta alba; 13) Merops apiaster; 14) Aythya ferina; 

15) Caprimulgus europaeus; 16) Anas quеrquedula; 19) Upupa epops; 20) Egretta alba; 21) Anser anser; 22) Egretta 

garzetta; 23) Ardea cinerea; 24) Ardea cinerea. 

 

 
 

Figure 6. Typical symmetric pseudo-ovoid: 1, 9, 17) construction of ovoids in the shape matrix; 2, 10, 18) egg profile 

diagram; bird egg profiles: 3) Egretta alba; 4) Podiceps nigricollis; 5) Porzana parva; 6) Ardea cinerea; 7) Cygnus 

olor; 8) Podiceps cristatus; 11) Cygnus olor; 12) Casuarius casuarius; 13) Egretta garzetta; 14) Mergus serrator; 

15) Egretta alba; 16) Phalacrocorax carbo; 19) Anser anser; 20) Pelecanus crispus; 21) Podiceps grisegena; 

22) Cygnus olor; 23) Phalacrocorax carbo; 24) Podiceps cristatus. 
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Real pseudo-ovoids are the most common among symmetric eggs (49.1%, n = 987). They are typical for 

almost all orders. Less commonly, these forms are found in Coraciiformes, Falconiformes, Passeriformes, 

Pelecaniformes, Piciformes, and Strigiformes, whereas they practically are not found among Gaviiformes, 

Galliformes, and Sphenisciformes. Shape indexes are 1.25˂Iel˂1.65, 0.45>Ii=Ic>0.2, and 0.45˂Iip˂1.2 (Fig. 

6). 

The most common forms of bird eggs are the asymmetric pseudo-ovoids. Basically, they have three 

parameters but sometimes four or more. A characteristic feature of these shapes is 0.5D> ri> rc. The 

variability is positively correlated with the size of the lateral arcs radii (Fig. 7). 

 
 

Figure 7. The centers of infundibular, cloacal and lateral circles placement for different forms of asymmetric pseudo-

ovoids formation. 

 

 

Geometrically, the asymmetric pseudo-ovoid can be considered as the true ovoid with a radius of the 

infundibular zone is less than 0.5D but greater than the cloacal radius. The line passing through the center of 

the largest diameter divides the asymmetric pseudo-ovoid into infundibular (obtuse, short) and cloacal parts 

(pointed, long). The shape of these parts gives the name for pseudo-ovoid. The word “asymmetric” goes 

first, then, the name (through a hyphen) of the obtuse and pointed poles, and finally, the word pseudo-ovoid 

is added. For example, an asymmetric round-drop pseudo-ovoid (Fig. 8).  
 

 

 
 

Figure 8. Compound asymmetric obtuse-drop-shaped pseudo-ovoid = obtuse+ drop-shaped true ovoid. 
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The first group of asymmetric pseudo-ovoids includes asymmetric sphere-rounded pseudo-ovoids. Those are 

the closest to the true-rounded ovoids we previously reported (Mytiai & Matsyura, 2019) (Fig. 9). 

 

 
 

Fig. 9. Аsymmetric sphere-rounded pseudo-ovoid: 1, 9, 17) construction of ovoids in the shape matrix; 2, 10, 18) egg 

profile diagram; bird egg profiles: 3) Egretta alba; 4) Podiceps nigricollis; 5) Porzana parva; 6) Ardea cinerea; 7) 

Cygnus olor; 8) Podiceps cristatus; 11) Cygnus olor; 12) Casuarius casuarius; 13) Egretta garzetta; 14) Mergus 

serrator; 15) Egretta alba; 16) Phalacrocorax carbo; 19) Anser anser; 20) Pelecanus crispus; 21) Podiceps grisegena; 

22) Cygnus olor; 23) Phalacrocorax carbo; 24) Podiceps cristatus, 

 

 
 
 

Fig. 10. Spher-obtuse аsymmetric pseudo-ovoid: 1, 9, 17) construction of ovoids in the shape matrix; 2, 10, 18) egg 

profile diagram; bird egg profiles: 3) Accipiter gentilis; 4) Accipiter nisus; 5) Falco vespertinus; 6) Falco tinnunculus; 

7) Panurus biarmicus; 8) Asio otus; 11) Milvus milvus; 12) Hieraaetus pennatus; 13) Picus canus; 14) Falco cherrug; 

15) Columba oenas; 16) Falco tinnunculus; 19) Dendrocopos major; 20) Cuculus canorus; 21) Sylvia atricapilla; 

22) Fringilla coelebs; 23) Crex crex; 24) Phasianus colchicus. 
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The frequency of sphere-rounded pseudo-ovoids (among the asymmetric pseudo-ovoids) in our database is 

1.6% (n = 12,012). Most often, they are found in the orders Coraciiformes, Falconiformes, and Strigiformes, 

and to a lesser extent in Passeriformes, Piciformes, and Sphenisciformes. Shape indexes are 1.11˂Iel˂1.20, 

0.329˂Ii˂0.490, 0.584˂Il˂0.7, 0.157˂Ic˂0.426, and 0.2˂Iip˂0.6. Indexes of semi-axes (Ilc, Ili) are hardly 

distinguishable. 

The sphere-obtuse pseudo-ovoids are more common. In our database, they represented 24.9% of all 

the bird eggs. Compared to the previous ovoids, these shapes are more elongated (Fig. 10). 

The largest group of asymmetric eggs (64.5%) is the rounded-typical asymmetric pseudo-ovoid (Fig. 

11). 
 

 
 

Fig. 11. Asymmetric rounded-typical pseudo-ovoids: 1, 9, 17) construction of ovoids in the shape matrix; 2), 10), 18) 

egg profile diagram; bird egg profiles: 3) Fringilla coelebs; 4) Tetrastes bonasia; 5) Chloris chloris; 6) Fulica atra; 7) 

Sturnus vulgaris; 8) Turdus merula; 11) Acrocephalus palustris; 12) Turdus viscivorus; 13) Cuculus canorus; 14) 

Oriolus oriolus; 15) Luscinia luscinia; 16) Dendrocopos major; 19) Haematopus ostralegus; 20) Remiz pendulinus; 21) 

Porzana porzana; 22) Anthropoides virgo; 23) Cygnus cygnus;24) Anas strepera 
 

 

 

These egg shapes together with the previous were registered in all our study groups. They are less typical for 

Pelecaniformes, Podicipediformes Phoenicopteriformes, Strigiformes, and Struthioniformes. Geometrically, 

these shapes are characterized by the tangential alignment of the infundibular and cloacal circles (rc = (L – 

2ri) / 2). In this case, the center of the cloacal circle lies on the circle of maximum diameter, or near it. Shape 

indexes are 1.2˂Iel˂1.5, 0.3˂Ii˂0.490, 0.6˂Il˂1.15, 0.115˂Ic˂0.415, 0.43˂Iip˂1.07, 0.615˂Ilc˂0.795, and 

0.54˂Ili˂0.7. 

Eggs with a pointy cloacal zone are designated as the asymmetric rounded drop-shaped pseudo-

ovoids (Fig. 12). 

These forms are most common for Charadriiformes, Passeriformes, Gaviiformes, Gruiformes, 

Ciconiiformes, and Upupiformes. Shape indexes are 11.5˂Iel˂1.7, 0.3˂Ii˂0.490, 0.9˂Il˂1.5, 0.1˂Ic˂0.4, 

0.7˂Iip˂1.13, 0.7˂Ilc˂1.1, and 0.54˂Ili˂0.7. 

Small share of eggs have an elongated conical and biconical shape (Fig. 13). 
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Figure 12. Rounded -drop-shaped asymmetric pseudo-ovoid: 1, 9, 17) construction of ovoids in the matrix of forms; 2, 

10, 18) egg profile diagram; bird egg profiles: 3) Oriolus oriolus; 4) Podiceps nigricollis; 5) Remiz pendulinus; 6) 

Porzana porzana; 7) Procellaria leucomelas; 8) Fulica atra;11) Catharacta maccormicki; 12) Corvus corax; 13) 

Phalacrocorax pelagicus; 14) Riparia riparia; 15) Larus genei; 16) Alauda arvensis; 19) Platalea leucorodia; 20) 

Upupa epops; 21) Larus cachinnans; 22) Pica pica; 23) Lunda cirrhata; 24) Gavia arctica. 

 

 
Figure 13. Cone-like ovoids: a) zeta-curve (Stadnicki, 2015); b) Phalacrocorax carbo; c) Anser anser; d) 

Phalacrocorax pelagicus; e) Grus canadensis; f) Grus grus 

 

 

Discussion 

 

During the last two centuries, a huge quantity of oological publications was accumulated in ornithological 

literature, among which the works dedicated to bird egg shapes occupy large share. At the beginning of the 

XXI century, this topic gained new insight. The research, described the bird eggs by indexes derived from 

photographic egg profiles was continuing (Mattas, 2001; Tlapák, 2008; Duman et al., 2016; Biggins et al., 

2018). The new works dealing with egg description by equations and formulas began to appear (Möller, 

2009; Narushin et al., 2020), this geometric morphometry has gained particular popularity in the oology 

(Deeming & Ruta, 2014; Attard et al., 2019). Recently, some articles, dedicated to the connection between 
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the egg shapes and their biological significance, were published (Stoddard et al., 2017; Birkhead et al., 

2018).  

Each of the mentioned works is invaluable, but the absence of a single system of names in a single 

geometric system makes it difficult to compare and generalize the available information. With this and the 

previous article, we are trying to show that such a system exists and it has a general nature. The combination 

of circles in the system “Vezica piscis” (the type of lens, a mathematical shape formed by the intersection of 

two disks with the same radius, intersecting in such a way that the center of each disk lies on the perimeter of 

the other) is an autonomous transformation that gives ovoids adequate to the macro- and microworld objects. 

Consequently, each of the mentioned objects does not arise by chance, but according to certain universal 

laws. In turn, the general laws have constants like π, the golden ratio, and other proportions. The geometric 

name and the constant, within which this or that form is realized, will allow revealing its essence. Regarding 

bird eggs, knowledge about other natural and anthropogenic ovoids will give a deeper understanding of their 

incubation qualities: mechanical, thermoregulatory, respiratory, and transpiratory. Below we give examples 

of the similarities between geometric shapes, bird eggs, and various objects of natural and human activity. 

We presented the similarity between the geometric ovoids, constructed by us, and the actual shapes 

of symmetric and asymmetric bird eggs (Fig. 3–6). The same similarity we noted in the variety of ovals and 

ellipses suggested by the mathematicians (Fig. 14-16). 

 
 

 
 

Figure 14. Cartesian ovals: а) with p = 1, q = 2 and c = 5; b) with p = 1, q = 3 and c = 5 (Beverlin, 2006); с) hyperbolic 

cone (Kirsh, 2010). 

 

 

Asymmetric pseudo-ovoids are less common in the inorganic world, for instance, the pear-shaped atomic 

nuclei (Gaffney et al., 2013) and electron orbitals (Halpern, 2020). In the organic world, these forms are very 

widely represented among unicellular organisms, plants, and animals. Asymmetric forms, however, are 

widespread in all spheres of human life. 

 

 
 

Figure 15. Yamamoto oval (а) (according to Yamamoto, 2020); Cartesian oval (b) (according to Köller, 2000); Möller 

oval (c) (according to Möller, 2009). 
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Figure 16. Ovoid curves: a) Hügelschäffer (according to Obradovic et al., 2013); b) Blaschke (according to Köller, 

2000); с) Schauberger (according to Coats, 2001). 

 

 

Conclusions  

 

The data were considered in this and previous publications, testified that egg forms reflect various ovoid 

constructions in our world. A great variety of ovoids (asymmetric ovaloids) found their niche in the 

reproductive circles during the bird’s evolution. The transition from symmetry to asymmetry in the form of 

bird eggs is the greatest acquisition, which gave birds the opportunity to enhance the incubation process. The 

emergence of chalazae, which functioning is possible only in elongated symmetrical and asymmetrical 

ovoids, allowed to implement the germinal disc orientation towards the heating, coming from the bird body. 

All existing variety of egg shapes depends on a variety of phylogenetic and ecological reasons. Considered 

the egg and bird represent the same organism but on the different stages of ontogenesis, it is necessary to 

consider morphological transformations as of general nature. Numerous classical examples of the murre eggs 

shape, as an adaptation to nest on narrow rock ledges, have a broader argumentation in our opinion.  

For instance, the Common murres are the typical seabirds with a “terrestrial” life period limited to 

nesting. Their constant presence on the water is provided by a set of adaptations. For example, feeding 

requires rapid movement in the water column. To do this, the shape of the body should be more elongated 

and spindle-shaped, which provides body streamlining and energy savings aiming at water resistance 

overcoming. The structural features of the skeleton are also associated with this body shape: the sternum and 

the pelvis are narrow and elongated. Undoubtedly, the volume created by such a skeleton is minimal. The 

minimal inner cavity can contain the internal organs of relatively smaller size. This also relates to the 

reproductive system: it is of small size and the oviduct lumen is narrow. Along with this, birds that nest on 

the rocks cannot have large clutches due to lack of space. Therefore, these clutches normally consist of 1-2 

large eggs. The maximal clutches are possible only in a spherical shape, but they are “unsteady” on the 

ledges of the rocks. Thus, a combination of sphere and cone appears in an egg shape. The sphere is localized 

in the infundibular, and the cone in the cloacal zones. This shape is most optimal for the birds nesting in such 

circumstances. Moreover, analyzing the shape of bird eggs, we need to consider the maximum number of 

factors related to bird morphology and ecology. Considering that the ovoid form is universal, the information 

obtained from other natural objects can be successfully used in the bird eggs characterization. This will also 

contribute to identifying the egg form (shape) optimality for embryo development in birds from different 

ecological groups. 
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