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ÊÎÍÅ×ÍÛÌ ÏÎËÅÌ ÍÅ×ÅÒÍÎÉ ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ

Å.Â. ÆÓÐÀÂËÅÂ

Abstract. In this article we classi�ed up to isomorphism all �nite local
rings R with Jacobson radical J and conditions:

charR ̸= 2, R/J = F ⊆ Z(R), dimF J/J2 = 2, dimF J2 = 3, J3 = 0.
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1. Ââåäåíèå

Êâàäðàòíûå ìàòðèöû M è M ′ íàä êîíå÷íûì ïîëåì F íàçûâàþòñÿ êîí-
ãðóýíòíûìè, åñëè ñóùåñòâóåò íåâûðîæäåííàÿ ìàòðèöà P íàä F , òàêàÿ, ÷òî
M ′ = PTMP , ãäå PT � òðàíñïîíèðîâàííàÿ ìàòðèöà. Ïðè÷åì, åñëè P � îðòîãî-
íàëüíàÿ ìàòðèöà, PT = P−1, òî M è M ′ íàçûâàþòñÿ îðòîãîíàëüíî ïîäîáíûìè
([1, 2]). Â ðàáîòå [3] Ì. Íüþìàí íàøåë âñå êëàññû êîíãðóýíòíîñòè äëÿ ñèììåò-
ðè÷åñêèõ ìàòðèö. Â. Óîòåðõàóñ (ñì. [4]) äëÿ ïðîèçâîëüíûõ ìàòðèö âû÷èñëèë
êîëè÷åñòâî êëàññîâ êîíãðóýíòíîñòè áåç óêàçàíèÿ èõ ïðåäñòàâèòåëåé. Ñëó÷àé
äëÿ ìàòðèö ïîðÿäêà äâà áûë èçó÷åí â ðàáîòàõ [5, 6], à äëÿ ìàòðèö ïîðÿäêà òðè
â ðàáîòàõ [7, 8, 9].

ÏóñòüM1,M2, . . . ,Mm,M ′
1,M

′
2, . . . ,M

′
m ∈ Mn(F ), F = GF (pr) � êîíå÷íîå ïî-

ëå, p � ïðîñòîå ÷èñëî, m,n, r ∈ N. Óïîðÿäî÷åííûå ïîñëåäîâàòåëüíîñòè ìàòðèö
(M1,M2, . . . ,Mm) è (M ′

1,M
′
2, . . . ,M

′
m) íàçîâåì ýêâèâàëåíòíûìè, åñëè ñóùåñòâó-

þò íåâûðîæäåííûå ìàòðèöû P = (pij)n×n è Q = (qij)m×m íàä ïîëåì F òàêèå,
÷òî

M ′
k =

m∑
i=1

qkiP
TMiP, k = 1,m. (1)

Zhuravlev, E.V., On equivalence classes of matrices over a finite field of odd

characteristic.
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Â ÷àñòíîñòè, ïðè m = 1 ïîëó÷àåì:

M ′
1 = q11P

TM1P. (2)

Î÷åâèäíî, ÷òî â ýòîì ñëó÷àå èç êîíãðóýíòíîñòè ìàòðèö ñëåäóåò èõ ýêâèâà-
ëåíòíîñòü. Â ðàáîòàõ [6, 10, 11, 12] àâòîðû, èñïîëüçóÿ ïîëó÷åííûå ðàíåå êëàñ-
ñû êîíãðóýíòíîñòè ìàòðèö ïîðÿäêà äâà è òðè íàä ïðîñòûì ïîëåì, íàøëè èõ
ïðåäñòàâèòåëè êëàññîâ ýêâèâàëåíòíîñòè.

Äëÿ äâîåê ìàòðèö ïîðÿäêà äâà (m = 2 è n = 2) ýêâèâàëåíòíîñòü îïðåäåëÿ-
åòñÿ ðàâåíñòâàìè {

PT (q11M1 + q12M2)P = M ′
1;

PT (q21M1 + q22M2)P = M ′
2.

(3)

Á. Ãîðáàñ è Ã. Óèëüÿìñ ïîëíîñòüþ èçó÷èëè ýòîò ñëó÷àé ïðè p ̸= 2 â ðàáîòå [13]
è ïðè p = 2 â ðàáîòå [14].

Ïðè m = 3 è n = 2 ïîëó÷àåì, ÷òî òðîéêè (M1,M2,M3), (M
′
1,M

′
2,M

′
3) ìàò-

ðèö âòîðîãî ïîðÿäêà ýêâèâàëåíòíû, åñëè ñóùåñòâóþò íåâûðîæäåííûå ìàòðèöû
P = (pij)2×2 è Q = (qij)3×3 òàêèå, ÷òî

PT (q11M1 + q12M2 + q13M3)P = M ′
1;

PT (q21M1 + q22M2 + q23M3)P = M ′
2;

PT (q31M1 + q32M2 + q33M3)P = M ′
3.

(4)

Öåëü äàííîé ðàáîòû � íàéòè ïðåäñòàâèòåëè êëàññîâ ýêâèâàëåíòíîñòè äëÿ äàí-
íîãî ñëó÷àÿ, ïðè p ̸= 2, è ïðèìåíèòü ïîëó÷åííûé ðåçóëüòàò äëÿ êëàññèôèêàöèè
êîíå÷íûõ ëîêàëüíûõ êîëåö.

2. Ýêâèâàëåíòíîñòü ìàòðèö

Äàëåå áóäåì ïîëàãàòü, ÷òî F = GF (pr) � êîíå÷íîå ïîëå íå÷åòíîé õàðàê-
òåðèñòèêè (p ̸= 2), δ � íåêîòîðûé ôèêñèðîâàííûé ýëåìåíò èç F ∗, òàêîé, ÷òî
δ /∈ F ∗2, δ ̸= 1. Ïóñòü ε ∈ {1, δ}, òî åñòü ε ïðîáåãàåò ìíîæåñòâî ïðåäñòàâèòåëåé
ñìåæíûõ êëàññîâ F ∗/F ∗2. Åñëè ε = 1 (ñîîòâ. ε = δ), òî äëÿ êàæäîãî f ∈ F
(ñîîòâ. f ∈ F ∗) íàéäåì íåíóëåâîå ðåøåíèå (x, y) óðàâíåíèÿ x2 − εy2 = f . Îáî-
çíà÷èì Ωε ìíîæåñòâî íàéäåííûõ òàêèì îáðàçîì ýëåìåíòîâ èç F × F . Êðîìå
òîãî, ïóñòü σ ïðîáåãàåò ìíîæåñòâî ïðåäñòàâèòåëåé ñìåæíûõ êëàññîâ F ∗/{±1}.

Ëåììà 1. Âñÿêàÿ êâàäðàòíàÿ ìàòðèöà M íàä ïîëåì F ïðåäñòàâèìà â âè-
äå ñóììû ñèììåòðè÷åñêîé ìàòðèöû A è àíòèñèììåòðè÷åñêîé ìàòðèöû B
(ò.å. òàêîé, ÷òî BT = −B). Ïðè÷åì ìàòðèöû, ýêâèâàëåíòíûå ñèììåòðè-
÷åñêèì ìàòðèöàì, ÿâëÿþòñÿ òàêæå ñèììåòðè÷åñêèìè, à ìàòðèöû, ýêâèâà-
ëåíòíûå àíòèñèììåòðè÷åñêèì ìàòðèöàì, ÿâëÿþòñÿ òàêæå àíòèñèììåò-
ðè÷åñêèìè.

Îñíîâûâàÿñü íà ðåçóëüòàòàõ ðàáîò [3, 13] ïðèâåäåì â òàáëèöå 1 ïîñëåäî-
âàòåëüíîñòè ìàòðèö, ÿâëÿþùèõñÿ ïðåäñòàâèòåëÿìè êëàññîâ ýêâèâàëåíòíîñòè,
îïðåäåëÿåìîé ñîîòíîøåíèÿìè (2) è (3), ó êîòîðûõ ñîîòâåòñòâóþùèå ñèììåò-
ðè÷åñêèå ìàòðèöû ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè.
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òàáëèöà 1

ñèììåòðè÷åñêèå ìàòðèöû íåñèììåòðè÷åñêèå ìàòðèöû

1.

(
1 0
0 0

)
,

(
0 1
1 0

)
;

(
1 0
0 0

)
,

(
0 1 + β

1− β 0

)
;

(
1 1
−1 0

)
,

(
0 1
1 0

)
, ãäå β ∈ F ∗;

2.

(
1 0
0 ε

)
,

(
0 1
1 0

)
;

(
1 α
−α ε

)
,

(
0 1 + β

1− β 0

)
,

ãäå (α, β) ∈ Ωε;

3.

(
1 0
0 0

)
;

(
1 1
−1 0

)
;

4.

(
1 0
0 ε

)
;

(
1 σ
−σ ε

)
.

Âñþäó äàëåå ìû áóäåì ðàññìàòðèâàòü òðîéêè ìàòðèö ïîðÿäêà äâà íàä ïî-
ëåì F è îòíîøåíèå ýêâèâàëåíòíîñòè, îïðåäåëÿåìîå ðàâåíñòâàìè (4). Ñíà÷à-
ëà óêàæåì ïðåäñòàâèòåëåé êëàññîâ ýêâèâàëåíòíîñòè ñèììåòðè÷åñêèõ ìàòðèö.
Äëÿ ýòîãî ðàçäåëèì èõ íà ãðóïïû â ñîîòâåòñòâèè ñ ðàíãîì. Òàê êàê ñèììåò-
ðè÷åñêèå ìàòðèöû ýòî ïîäïðîñòðàíñòâî ðàçìåðíîñòè òðè, òî âñå òðîéêè ëè-
íåéíî íåçàâèñèìûõ ìàòðèö îáðàçóþò îäèí êëàññ ýêâèâàëåíòíîñòè è òðîéêó
ìàòðèö ðàíãà òðè, ïðåäñòàâèòåëÿ ýòîãî êëàññà, ìû ìîæåì âûáðàòü, íàïðèìåð,
e11, e12 + e21, e22. Òðîéêè ìàòðèö ðàíãà äâà ýòî äâîéêè ëèíåéíî íåçàâèñèìûõ
ìàòðèö � ïðåäñòàâèòåëåé êëàññîâ ýêâèâàëåíòíîñòè, îïðåäåëÿåìîé ñîîòíîøå-
íèåì (3), ñ äîáàâëåííîé íóëåâîé ìàòðèöåé. Òðîéêè ìàòðèö ðàíãà îäèí ýòî
íåíóëåâûå ìàòðèöû � ïðåäñòàâèòåëè êëàññîâ ýêâèâàëåíòíîñòè, îïðåäåëÿåìîé
ñîîòíîøåíèåì (2), ñ äîáàâëåííûìè íóëåâûìè ìàòðèöàìè (ñì. òàáëèöó 1).

Èòàê, ïóñòü S � ìíîæåñòâî, ñîñòîÿùåå èç ñëåäóþùèõ òðîåê ìàòðèö:

(1) A1 =

(
1 0
0 0

)
, A2 =

(
0 1
1 0

)
, A3 =

(
0 0
0 1

)
;

(2) A1 =

(
1 0
0 ζ

)
, A2 =

(
0 1
1 0

)
, A3 =

(
0 0
0 0

)
, ζ ∈ {0, 1, δ};

(3) A1 =

(
1 0
0 ζ

)
, A2 =

(
0 0
0 0

)
, A3 =

(
0 0
0 0

)
, ζ ∈ {0, 1, δ};

(4) A1 =

(
0 0
0 0

)
, A2 =

(
0 0
0 0

)
, A3 =

(
0 0
0 0

)
.
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Åñëè ïðè íåêîòîðûõ P è Q ïîñëåäîâàòåëüíîñòü ìàòðèö (M1,M2, . . . ,Mm)
ýêâèâàëåíòíà ñàìîé ñåáå, òî áóäåì ãîâîðèòü, ÷òî ïàðà ìàòðèö (P,Q) ñòàáèëè-
çèðóåò (M1,M2, . . . ,Mm). Êðîìå òîãî, îïðåäåëèì íà òðîéêàõ ìàòðèö ïîêîîð-
äèíàòíîå ñëîæåíèå

(A1 +B1, A2 +B2, A3 +B3) = (A1, A2, A3) + (B1, B2, B3),

ãäå A1, A2, A3, B1, B2, B3 ∈ M2(F )

Ëåììà 2.

(1) Âñÿêèé êëàññ ýêâèâàëåíòíîñòè ñîäåðæèò òðîéêó

(M1,M2,M3) = (A1, A2, A3) + (B1, B2, B3),

ãäå (A1, A2, A3) ∈ S è (B1, B2, B3) � òðîéêà àíòèñèììåòðè÷åñêèõ ìàò-
ðèö. Ïðè÷åì êàæäûé êëàññ îïðåäåëÿåòñÿ (A1, A2, A3) ∈ S åäèíñòâåí-
íûì îáðàçîì.

(2) Ïóñòü (A1, A2, A3) ∈ S è (B1, B2, B3), (B
′
1, B

′
2, B

′
3) � òðîéêè àíòèñèì-

ìåòðè÷åñêèõ ìàòðèö.

(A1, A2, A3) + (B1, B2, B3) ∼ (A1, A2, A3) + (B′
1, B

′
2, B

′
3)

òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóþò P è Q òàêèå, ÷òî
(a) (P,Q) ñòàáèëèçèðóåò (A1, A2, A3);
(b) (B1, B2, B3) ∼ (B′

1, B
′
2, B

′
3) ïîñðåäñòâîì P è Q.

Ëåììà 3. Åñëè (A1, A2, 0) ∈ S, A1 ̸= 0, A2 ̸= 0, òî ñòàáèëèçèðóþùèå ìàò-
ðèöû P è Q äëÿ òðîéêè (A1, A2, 0) èìåþò âèä

P =

(
p11 p12
p21 p22

)
, Q =

q11 q12 q13
q21 q22 q23
0 0 q33

 ,

ïðè÷åì ìàòðèöû (
p11 p12
p21 p22

)
,

(
q11 q12
q21 q22

)
ÿâëÿþòñÿ ñòàáèëèçèðóþùèìè äëÿ äâîéêè (A1, A2) â ñìûñëå ýêâèâàëåíòíî-
ñòè, îïðåäåëÿåìîé ðàâåíñòâàìè (3).

Äîêàçàòåëüñòâî. Òàê êàê ìàòðèöû A1, A2 ëèíåéíî íåçàâèñèìû, òî ðàâåíñòâî
PT (q31A1 + q32A2)P = 0 (ñì. (4)) âîçìîæíî òîëüêî ïðè q31 = 0 è q32 = 0. □

Ëåììà 4. Åñëè (A1, A2, 0) ∈ S, A1 ̸= 0, òî ñòàáèëèçèðóþùèå ìàòðèöû P è
Q äëÿ òðîéêè (A1, 0, 0) èìåþò âèä

P =

(
p11 p12
p21 p22

)
, Q =

q11 q12 q13
0 q22 q23
0 q32 q33

 ,

ïðè÷åì ìàòðèöû (
p11 p12
p21 p22

)
,
(
q11

)
ÿâëÿþòñÿ ñòàáèëèçèðóþùèìè äëÿ ìàòðèöû A1 â ñìûñëå ýêâèâàëåíòíîñòè,
îïðåäåëÿåìîé ðàâåíñòâàìè (2).
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Äîêàçàòåëüñòâî. Â ýòîì ñëó÷àå ñèñòåìà (4) ïðèíèìàåò âèä
PT (q11A1)P = A1;

PT (q21A1)P = 0;

PT (q31A1)P = 0.

Òàê êàê det(P ) ̸= 0, òî PTA1P ̸= 0 è, ñëåäîâàòåëüíî, q21 = 0 è q31 = 0. □

Ïóñòü äàëåå ∆ = det(P ),

B1 =

(
0 x
−x 0

)
, B2 =

(
0 y
−y 0

)
, B3 =

(
0 z
−z 0

)
,

B′
1 =

(
0 x′

−x′ 0

)
, B′

2 =

(
0 y′

−y′ 0

)
, B′

3 =

(
0 z′

−z′ 0

)
,

ãäå x, y, z, x′, y′, z′ ∈ F . Åñëè ΠB = (B1, B2, B3) ∼ ΠB′ = (B′
1, B

′
2, B

′
3), òî (q11x+ q12y + q13z)∆ = x′;

(q21x+ q22y + q23z)∆ = y′;
(q31x+ q32y + q33z)∆ = z′.

(5)

Ëåììà 5. Åñëè ΠA = (A1, A2, 0) ∈ S è ΠB = (B1, B2, B3), ΠB′ = (B′
1, B

′
2, 0),

ïðè÷åì B3 ̸= 0, òî ΠM = ΠA +ΠB ≁ ΠM ′ = ΠA +ΠB′ .

Äîêàçàòåëüñòâî. Åñëè ΠM ∼ ΠM ′ , äëÿ íåêîòîðûõ P è Q, òî â ñèëó ëåììû 3
ðàâåíñòâî (q31x+ q32y+ q33z)∆ = z′ ñèñòåìû (5) ïðèíèìàåò âèä q33z∆ = 0. Òàê
êàê z ̸= 0 è ∆ ̸= 0, òî q33 = 0, ÷òî ïðîòèâîðå÷èò óñëîâèþ det(Q) ̸= 0. □

Ëåììà 6. Åñëè ΠA = (A1, 0, 0) ∈ S è ΠB = (B1, B2, B3), ΠB′ = (B′
1, 0, 0),

ïðè÷åì B2 ̸= 0 èëè B3 ̸= 0, òî ΠM = ΠA +ΠB ≁ ΠM ′ = ΠA +ΠB′ .

Äîêàçàòåëüñòâî. Åñëè ΠM ∼ ΠM ′ , äëÿ íåêîòîðûõ P è Q, òî â ñèëó ëåììû 4
ñèñòåìà (5) èìååò âèä  (q11x+ q12y + q13z)∆ = x′;

(q22y + q23z)∆ = 0;
(q32y + q33z)∆ = 0.

Åñëè y ̸= 0 èëè z ̸= 0, òî det(Q) = 0. Ïðîòèâîðå÷èå. □

Äàëåå, ñëåäóÿ âûøåóêàçàííîìó ñïèñêó ñèììåòðè÷åñêèõ ìàòðèö S, ðàññìîò-
ðèì êàæäûé èç ÷åòûðåõ ñëó÷àåâ â îòäåëüíîñòè. Äëÿ êîíêðåòíûõ ñèììåòðè-
÷åñêèõ ìàòðèö (A1, A2, A3) ∈ S, èñïîëüçóÿ ñòàáèëèçèðóþùèå èõ P è Q, ìû
íàéäåì íåýêâèâàëåíòíûå ìåæäó ñîáîé, ïîñðåäñòâîì ýòèõ P è Q, òðîéêè àí-
òèñèììåòðè÷åñêèõ ìàòðèö (B1, B2, B3). Çàòåì, ñêëàäûâàÿ òðîéêè ñèììåòðè÷å-
ñêèõ è àíòèñèììåòðè÷åñêèõ ìàòðèö, ìû ïîëó÷èì íåîáõîäèìûå ïðåäñòàâèòåëè
êëàññîâ ýêâèâàëåíòíîñòè.

Ñëó÷àé 1. A1 =

(
1 0
0 0

)
, A2 =

(
0 1
1 0

)
, A3 =

(
0 0
0 1

)
.

Îïðåäåëèì ñòàáèëèçèðóþùèå ìàòðèöû P =

(
a b
c d

)
è Q = (qij)3×3 äëÿ

òðîéêè (A1, A2, A3), a, b, c, d, qij ∈ F . Ñèñòåìà (4), ïðè A1 = A′
1, A2 = A′

2,
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A3 = A′
3, äàåò íàì òðè ñèñòåìû ëèíåéíûõ íåîäíîðîäíûõ óðàâíåíèé: a2q11 + 2acq12 + c2q13 = 1;

abq11 + (ad+ bc)q12 + cdq13 = 0;
b2q11 + 2bdq12 + d2q13 = 0. a2q21 + 2acq22 + c2q23 = 0;
abq21 + (ad+ bc)q22 + cdq23 = 1;
b2q21 + 2bdq22 + d2q23 = 0. a2q31 + 2acq32 + c2q33 = 0;
abq31 + (ad+ bc)q32 + cdq33 = 0;
b2q31 + 2bdq32 + d2q33 = 1.

Îïðåäåëèòåëü ìàòðèöû êàæäîé èç ñèñòåì ðàâåí ∆3 ̸= 0. Ðåøàÿ èõ, ïîëó÷àåì

P =

(
a b
c d

)
, Q =

1

∆2

 d2 −bd b2

−2cd ad+ bc −2ab
c2 −ac a2

 ,

ãäå ∆ = ad− bc, a, b, c, d ∈ F .
Åñëè x ̸= 0, òî, ïîëàãàÿ

P =

(
1 0

y/(2x) 1/x

)
, Q =

 1 0 0
−y x 0
y2/4 −xy/2 x2

 ,

ïîëó÷àåì

ΠB ∼
((

0 1
−1 0

)
,

(
0 0
0 0

)
,

(
0 z′

−z′ 0

))
,

ãäå z′ = (−y2 + 4xz)/4.
Åñëè x = 0, y = 0, z ̸= 0, òî, ïîëàãàÿ

P =

(
1 −1
z 0

)
, Q =

0 0 1/z2

0 −1/z 0
1 0 0

 ,

ïîëó÷àåì

ΠB ∼
((

0 1
−1 0

)
,

(
0 0
0 0

)
,

(
0 0
0 0

))
.

Åñëè x = 0, y = 0, z = 0, òî

ΠB ∼
((

0 0
0 0

)
,

(
0 0
0 0

)
,

(
0 0
0 0

))
.

Åñëè x = 0, y ̸= 0, z ̸= 0, òî, ïîëàãàÿ

P =

(
1 −2/y
0 −4z/y2

)
, Q =

1 −y/(2z) y2/(4z2)
0 −y2/(4z) y3/(4z2)
0 0 y4/(16z2)

 ,

ïîëó÷àåì

ΠB ∼
((

0 1
−1 0

)
,

(
0 0
0 0

)
,

(
0 −y2/4

y2/4 0

))
.

Åñëè x = 0, y ̸= 0, z = 0, òî, ïîëàãàÿ

P =

(
1 −2/y
1 2/y

)
, Q =

 1/4 1/4 1/4
−y/4 0 y/4
y2/16 −y2/16 y2/16

 ,
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ïîëó÷àåì

ΠB ∼
((

0 1
−1 0

)
,

(
0 0
0 0

)
,

(
0 −y2/4

y2/4 0

))
.

Ðàññìîòðèì òðîéêè âèäà

ΠB =

((
0 1
−1 0

)
,

(
0 0
0 0

)
,

(
0 z
−z 0

))
, ãäå z ∈ F,

è äîêàæåì, ÷òî êàæäàÿ òðîéêà ÿâëÿåòñÿ ïðåäñòàâèòåëåì êëàññà ýêâèâàëåíòíî-
ñòè. Åñëè((

0 1
−1 0

)
,

(
0 0
0 0

)
,

(
0 z
−z 0

))
∼

((
0 1
−1 0

)
,

(
0 0
0 0

)
,

(
0 z′

−z′ 0

))
,

ïðè íåêîòîðûõ z, z′ ∈ F , z ̸= z′, òî (d2 + b2z)/∆ = 1;
−2(cd+ abz)/∆ = 0;
(c2 + a2z)/∆ = z′

Îòñþäà d∆ = ad2 − bcd = ad2 + ab2z = a(d2 + b2z) = a∆. Ñëåäîâàòåëüíî,
a = d è cd = ca = −abz. Åñëè a ̸= 0, òî c = −bz, ∆ = ad − bc = a2 − bc,
z′ = (za2 − cbz)/∆ = z(a2 − bc)/∆ = z. Åñëè a = d = 0, òî b ̸= 0, c ̸= 0,
zb2 = ∆ = −bc, c2 = −bcz′, à çíà÷èò, zb = −c, c = −bz′ è z = z′. Ïðîòèâîðå÷èå.

Ñëó÷àé 2. A1 =

(
1 0
0 ζ

)
, A2 =

(
0 1
1 0

)
, A3 =

(
0 0
0 0

)
, ãäå ζ ∈ {0, 1, δ}.

Åñëè z ̸= 0, òî, ïîëàãàÿ

P = E, Q =

1 0 −x/z
0 1 −y/z
0 0 1/z

 ,

ïîëó÷àåì

ΠB ∼
((

0 0
0 0

)
,

(
0 0
0 0

)
,

(
0 1
−1 0

))
.

Åñëè z = 0 (B3 = 0), òî, â ñèëó ëåììû 5, çàäà÷à ñâîäèòñÿ ê êëàññèôèêàöèè
ïàð (A1, A2) + (B1, B2) (ñì. òàáëèöó 1, ñòðîêè 1,2).

Ñëó÷àé 3. A1 =

(
1 0
0 ζ

)
, A2 =

(
0 0
0 0

)
, A3 =

(
0 0
0 0

)
, ãäå ζ ∈ {0, 1, δ}.

Ïîëàãàÿ

P = E, Q =

1 0 0
0 0 1
0 1 0

 ,

çàìåòèì, ÷òî (B1, B2, B3) ∼ (B1, B3, B2). Åñëè y ̸= 0 èëè z ̸= 0, òî, áåç ïîòåðè
îáùíîñòè, ïîëàãàåì y ̸= 0,

P = E, Q =

1 −x/y 0
0 1/y 0
0 −z/y 1

 ,

è ïîëó÷àåì

ΠB ∼
((

0 0
0 0

)
,

(
0 1
−1 0

)
,

(
0 0
0 0

))
.
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Åñëè x = 0 è y = 0, òî, â ñèëó ëåììû 6, çàäà÷à ñâîäèòñÿ ê êëàññèôèêàöèè
ìàòðèö âèäà A1 +B1 (ñì. òàáëèöó 1, ñòðîêè 3, 4).

Ñëó÷àé 4. A1 =

(
0 0
0 0

)
, A2 =

(
0 0
0 0

)
, A3 =

(
0 0
0 0

)
.

Ñòàáèëèçèðóþùèìè ìàòðèöàìè ÿâëÿþòñÿ ëþáûå íåâûðîæäåííûå ìàòðèöû
P è Q. Åñëè ΠB ñîäåðæèò íåíóëåâûå ìàòðèöû, òî, áåç ïîòåðè îáùíîñòè, ïîëà-
ãàÿ x ̸= 0,

P = E, Q =

 1/x 0 0
−y/x 1 0
−z/x 0 1

 ,

ïîëó÷àåì

ΠB ∼
((

0 1
−1 0

)
,

(
0 0
0 0

)
,

(
0 0
0 0

))
.

Òàêèì îáðàçîì, ðàññìîòðåíû âñå âîçìîæíûå ñëó÷àè è ìû ìîæåì ñôîðìó-
ëèðîâàòü ïîëó÷åííûé ðåçóëüòàò.

Òåîðåìà 1. Â ñëåäóþùåì ñïèñêå ïåðå÷èñëåíû ïðåäñòàâèòåëè âñåõ êëàññîâ
ýêâèâàëåíòíîñòè, îïðåäåëåííîé íà òðîéêàõ ìàòðèö ïîðÿäêà äâà ïîñðåäñòâîì
ñîîòíîøåíèÿ (4):

(1)

(
1 0
0 0

)
,

(
0 1
1 0

)
,

(
0 0
0 1

)
;

(2)

(
1 1
−1 0

)
,

(
0 1
1 0

)
,

(
0 z
−z 1

)
, z ∈ F ;

(3)

(
1 0
0 ζ

)
,

(
0 1
1 0

)
,

(
0 0
0 0

)
, ζ ∈ {0, 1, δ};

(4)

(
1 0
0 ζ

)
,

(
0 1
1 0

)
,

(
0 1
−1 0

)
, ζ ∈ {0, 1, δ};

(5)

(
1 0
0 0

)
,

(
0 1 + β

1− β 0

)
,

(
0 0
0 0

)
, β ∈ F ∗;

(6)

(
1 1
−1 0

)
,

(
0 1
1 0

)
,

(
0 0
0 0

)
;

(7)

(
1 α
−α ε

)
,

(
0 1 + β

1− β 0

)
,

(
0 0
0 0

)
, ε ∈ {1, δ}, (α, β) ∈ Ωε;

(8)

(
1 0
0 ζ

)
,

(
0 0
0 0

)
,

(
0 0
0 0

)
, ζ ∈ {0, 1, δ};

(9)

(
1 0
0 ζ

)
,

(
0 1
−1 0

)
,

(
0 0
0 0

)
, ζ ∈ {0, 1, δ};

(10)

(
1 1
−1 0

)
,

(
0 0
0 0

)
,

(
0 0
0 0

)
;

(11)

(
1 σ
−σ ε

)
,

(
0 0
0 0

)
,

(
0 0
0 0

)
, ε ∈ {1, δ};

(12)

(
0 0
0 0

)
,

(
0 0
0 0

)
,

(
0 0
0 0

)
;
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(13)

(
0 1
−1 0

)
,

(
0 0
0 0

)
,

(
0 0
0 0

)
,

ãäå δ � íåêîòîðûé ôèêñèðîâàííûé ýëåìåíò èç F ∗, δ /∈ F ∗2, δ ̸= 1, è σ ïðîáå-
ãàåò ìíîæåñòâî ïðåäñòàâèòåëåé ñìåæíûõ êëàññîâ F ∗/{±1}.

Â ðàáîòå [15] ×. ×èêóíäæè ñ ïîìîùüþ ïàêåòà ïðèêëàäíûõ ïðîãðàìì Matlab
âû÷èñëèë êîëè÷åñòâî ëèíåéíî íåçàâèñèìûõ ìàòðèö, ÿâëÿþùèõñÿ ïðåäñòàâèòå-
ëÿìè êëàññîâ ýêâèâàëåíòíîñòè â ñìûñëå ðàâåíñòâ (4), ïðè êîíêðåòíûõ çíà÷åíè-
ÿõ p = 2, 3, . . .. Èì áûëî ñäåëàíî ïðåäïîëîæåíèå î òîì, ÷òî ïðè âñÿêîì çíà÷åíèè
p èõ êîëè÷åñòâî ðàâíî pr +4. Òåîðåìà 1 ïîäòâåðæäàåò ýòî ïðåäïîëîæåíèå ïðè
p ̸= 2. Ëèíåéíî íåçàâèñèìûå òðîéêè ìàòðèö óêàçàíû â ïóíêòàõ 1, 2 è 4.

3. Êëàññèôèêàöèÿ êîíå÷íûõ êîëåö

Âñþäó äàëåå ìû áóäåì ðàññìàòðèâàòü òîëüêî êîíå÷íûå àññîöèàòèâíûå êîëü-
öà ñ åäèíèöåé. Âñÿêîå êîíå÷íîå êîëüöî åäèíñòâåííûì îáðàçîì ïðåäñòàâèìî â
âèäå ïðÿìîé ñóììû êîëåö, ïîðÿäêè êîòîðûõ åñòü ñòåïåíè íåêîòîðûõ ïðîñòûõ
÷èñåë, òî åñòü R =

⊕∑
p
Rp, Rp = {x ∈ R | pnx = 0 äëÿ íåêîòîðîãî n ≥ 1} (ñì.

[16], ñòð. 29). Ïîýòîìó ïðè êëàññèôèêàöèè êîëåö äîñòàòî÷íî ðàññìàòðèâàòü
òîëüêî êîëüöà ïîðÿäêà pn. Â.Ã. Àíòèïêèí è Â.Ï. Åëèçàðîâ îïèñàëè êîëüöà
ïîðÿäêà pn äëÿ n ≤ 3 (ñì. [17, 18]). Ä. Äåðð, Ã. Îðð, Ï. Ïåê âïåðâûå óêà-
çàëè èñ÷åðïûâàþùèé ñïèñîê íåêîììóòàòèâíûõ êîëåö ïîðÿäêà p4 (ñì. [19]).
Á. Ãîðáàñ è Ã. Óèëüÿìñ â ðàáîòàõ [10, 11] êëàññèôèöèðîâàëè ñ òî÷íîñòüþ äî
èçîìîðôèçìà âñå êîëüöà ïîðÿäêà íå áîëåå p5. Êîëüöà ïîðÿäêà p6, ñ íåêîòî-
ðûìè îãðàíè÷åíèÿìè íà ðàäèêàë Äæåêîáñîíà J , êëàññèôèöèðîâàíû â ðàáîòàõ
[20, 21]. Âàæíî çàìåòèòü, ÷òî êëàññèôèêàöèÿ êîëåö ñâîäèòñÿ ê êëàññèôèêàöèè
ëîêàëüíûõ êîëåö (ñì. [10]), òî åñòü òàêèõ êîëåö R, ÷òî R/J � ïîëå. Èçâåñòíî,
÷òî âñÿêîå êîììóòàòèâíîå êîëüöî ÿâëÿåòñÿ ïðÿìîé ñóììîé ëîêàëüíûõ êîëåö
(ñì. [16], ñòð. 36).

Â ðàáîòå [22] ×. ×èêóíäæè îïèñàë ñòðîåíèå ëîêàëüíûõ êîëåö c ðàäèêàëîì
J èíäåêñà íèëüïîòåíòíîñòè òðè è ñôîðìóëèðîâàë íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ èõ èçîìîðôíîñòè. Äàëåå ðàññìîòðèì îäèí èç òèïîâ òàêèõ êîëåö. Ïóñòü
R � ëîêàëüíîå êîëüöî õàðàêòåðèñòèêè p, J3 = 0, Z(R) � öåíòð êîëüöà è R/J =
GF (pr) = F ⊆ Z(R). Òîãäà R � êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä F è

R = F ⊕ J, J = Fu1 ⊕ Fu2 ⊕ . . .⊕ Fun ⊕ Fv1 ⊕ Fv2 ⊕ . . .⊕ Fvm,

ãäå dimF J/J2 = n, dimF J2 = m è {u1, u2, . . . , un, v1, v2, . . . , vm} � áàçèñ J íàä F ,
u1, u2, . . . , un ∈ J \ J2, v1, v2, . . . , vm ∈ J2, n,m ∈ N. (ñì. [22, 23]) . Ïóñòü

uiuj = m
(1)
ij v1 +m

(2)
ij v2 + . . .+m

(m)
ij vm (6)

äëÿ íåêîòîðûõ m
(k)
ij ∈ F , i, j = 1, n, k = 1,m. Ðàññìîòðèì ìàòðèöû óìíîæåíèÿ

èç ñòðóêòóðíûõ êîíñòàíò: Mk =
(
m

(k)
ij

)
n×n

, i, j = 1, n, k = 1,m. Òàêèå ìàò-

ðèöû ëèíåéíî íåçàâèñèìû è, åñëè R � êîììóòàòèâíî, òî ìàòðèöû ÿâëÿþòñÿ

ñèììåòðè÷åñêèìè. Ïî âñÿêîé ïîñëåäîâàòåëüíîñòè Mk =
(
m

(k)
ij

)
n×n

, i, j = 1, n,

k = 1,m, ëèíåéíî íåçàâèñèìûõ ìàòðèö îäíîçíà÷íî îïðåäåëÿåòñÿ ðàññìîòðåí-
íîå âûøå êîëüöî ñ óìíîæåíèåì (6).

Ïóñòü R è R′ � ïðîèçâîëüíûå êîëüöà, óêàçàííîãî âûøå òèïà, ñ ìàòðèöàìè
óìíîæåíèÿ M1,M2, . . . ,Mm è M ′

1,M
′
2, . . .M

′
m, ñîîòâåòñòâåííî.
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Òåîðåìà 2. [22] R ∼= R′ òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóþò íåâûðîæ-
äåííûå ìàòðèöû P = (pij)n×n, Q = (qij)m×m íàä ïîëåì F è àâòîìîðôèçì ρ
ïîëÿ F òàêèå, ÷òî

M ′
k =

m∑
i=1

qkiP
TMρ

i P, k = 1,m, (7)

ãäå Mρ
k =

((
m

(k)
ij

)ρ)
, k = 1,m.

Ðàâåíñòâà (7) ïðè n = 2, m = 3 îòëè÷àþòñÿ îò (4) òîëüêî íàëè÷èåì àâòîìîð-
ôèçìà ρ ïîëÿ F . Ïóñòü Σ � ìíîæåñòâî âñåõ òàêèõ ýëåìåíòîâ ïîëÿ F = GF (pr),
÷òî äëÿ ëþáûõ a, b ∈ Σ íå ñóùåñòâóåò èçîìîðôèçìà ρ ïîëÿ F ïðè êîòîðîì
aρ = b (ðàâíîñèëüíî � äëÿ ëþáûõ a, b ∈ Σ íå ñóùåñòâóåò òàêîãî íàòóðàëüíî-

ãî ÷èñëà k, ÷òî ap
k

= b). Èñïîëüçóÿ ëèíåéíî íåçàâèñèìûå òðîéêè ìàòðèö èç
òåîðåìû 1 è ó÷èòûâàÿ äåéñòâèå ρ ìû ïîëó÷àåì ñëåäóþùóþ òåîðåìó.

Òåîðåìà 3. Òðîéêè ìàòðèö, ïðåäñòàâëåííûå íèæå, ñ òî÷íîñòüþ äî èçîìîð-
ôèçìà îïðåäåëÿþò âñå êîíå÷íûå ëîêàëüíûå êîëüöà ñ åäèíèöåé è óñëîâèÿìè:

charR ̸= 2, R/J = F ⊆ Z(R), dimF J/J2 = 2, dimF J2 = 3, J3 = 0.

(1)

(
1 0
0 0

)
,

(
0 1
1 0

)
,

(
0 0
0 1

)
;

(2)

(
1 1
−1 0

)
,

(
0 1
1 0

)
,

(
0 z
−z 1

)
, z ∈ Σ;

(3)

(
1 0
0 ζ

)
,

(
0 1
1 0

)
,

(
0 1
−1 0

)
, ζ ∈ {0, 1, δ}.

Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðîôåññîðó Þ.Í. Ìàëüöåâó çà âíèìàíèå,
ïðîÿâëåííîå ê äàííîé ðàáîòå.
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